Abstract. In this paper we study the structure of closed weakly dense ideals in Privalov spaces N p (1 < p < ∞) of holomorphic functions on the disk D : |z| < 1. The space N p with the topology given by Stoll's metric [21] becomes an F -algebra. N. Mochizuki [16] proved that a closed ideal in N p is a principal ideal generated by an inner function. Consequently, a closed subspace E of N p is invariant under multiplication by z if and only if it has the form IN p for some inner function I. We prove that if M is a closed ideal in N p that is dense in the weak topology of N p , then M is generated by a singular inner function. On the other hand, if Sµ is a singular inner function whose associated singular measure µ has the modulus of continuity O(t (p−1)/p ), then we prove that the ideal SµN p is weakly dense in N p . Consequently, for such singular inner function Sµ, the quotient space N p /SµN p is an F -space with trivial dual, and hence N p does not have the separation property.
Introduction and preliminaries
Let D denote the unit disk {z ∈ C : |z| < 1} in the complex plane C and let T be the boundary of D. For 0 < q ≤ ∞ we denote by L q (T) the Lebesgue space with respect to the normalized Lebesgue measure on T. Given 1 < p < ∞, the Privalov class N p consists of all holomorphic functions f on D such that
These classes were introduced by I. I. Privalov in [17, p. 93] , where N p is denoted as A q (with q = p > 1). The study on the spaces N p was continued by Stoll's work [21] in 1977 year. Further, topological and functional properties of these classes were investigated in [1] , [5] , [6] , [12] - [14] and [16] ; typically, the notation varied and Privalov was mentioned only in [12] and [14] .
Recall that the Nevanlinna class N consists of all holomorphic functions f on D such that
It is known that for each f ∈ N , the radial limit of f defined as f (e iθ ) = lim r→1 f (re iθ ) exists for almost every e iθ ∈ T (see [7, p. 97] [21] ) with the topology given by the metric ρ p defined as
is an F -algebra, i.e., a complete metrizable topological vector space in which multiplication is continuous.
It is well known [2, p. 26] that every function f ∈ N + admits a unique factorization of the form
where B is the Blaschke product with respect to zeros {z n } ⊂ D of f (the set {z n } may be finite), S µ is a singular inner function, F is an outer function for N + , i.e., 
B(z)
) ,
where |λ| = 1 and log |f (e iθ )| ∈ L 1 (T).
Recall that a function I of the form
is called an inner function, and I is a bounded holomorphic function whose boundary values f (e iθ ) have modulus 1 for almost every e iθ ∈ T. The inner-outer factorization theorem for the classes N p is given by Privalov [17] as follows.
Theorem B ([17, pp. 98-100] ; also see [6] 
Stoll [21, Theorem 3.2] proved that the space F q with the topology given by the family of seminorms {∥ · ∥ q,c } c>0 defined for It was proved in [4, Theorem 14] that if S is a nontrivial singular inner function whose associated singular measure has the modulus of continuity
, then I is a weak outer function in any space H q with 0 < q < 1. In particular, it is not known whether an inner function can be weak outer for some values of 0 < p < 1, but not for others. In our main result given in Section 5 (Theorem 5.5), for any fixed 1 < p < ∞ we present a large class of positive singular measures µ, depending on p, such that associated singular inner functions are weak outer functions in the Privalov space N p . More precisely, Theorem 5.5 asserts that if S µ is a non-trivial singular inner function with the associated measure µ whose modulus of continuity 
Invariant subspaces of N p
Denote by P the space of all polynomials. Let X be a topological vector space of holomorphic functions on D so that H ∞ ⊂ X and convergence in X implies uniform convergence on compact subsets of D. Suppose that 1 ∈ X and that f ∈ X implies P f ∈ X for every polynomial P ∈ P. If f ∈ X, then cl(Pf ) denotes the closure of Pf := {P f : P ∈ P}; so cl(Pf ) is the smallest invariant (under multiplication by z) closed subspace containing f . Recall that an invariant subspace of X is defined as a closed subspace E of X such that zf ∈ E whenever f ∈ E. A function f ∈ X is said to be cyclic in X if cl(Pf ) = X. This is equivalent to the fact that there exists a sequence {P n } n of polynomials such that P n f → 1 as n → ∞ in the topology of X. Thus, a function f ∈ X is cyclic if it generates X as an invariant subspace, that is, the smallest invariant subspace of X containing the function is the whole space.
By Beurling's theorem mentioned previously, a function in 
consisting of all measurable functions f on the circle T such that
As noticed in [12] , it can be easily shown that (log 
Fréchet envelope and topological dual of N p
In connection with the spaces
also studied the spaces F q (0 < q < ∞) with the notation F 1/q in [21] , consisting of those functions f holomorphic on D for which
where
Here, as always in the sequel, we will need some Stoll's results concerning the spaces F q only with 1 < q < ∞, and hence we will assume that q = p > 1 be any fixed number.
Theorem 3.1 ([21, Theorem 2.2]). Suppose that f (z) =
∑ ∞ n=0 a n z n is a holomorphic function on D. Then the following statements are equivalent.
There exists a sequence {c n } n of positive real numbers with c n → 0 such that
Note that in view of Theorem 3.1 ((a)⇔(c)), it is defined by (3.1) the family of seminorms
where 
Recall that a locally convex F -space is called a Fréchet space, and a Fréchet algebra is a Fréchet space that is an algebra in which multiplication is continuous. 
with z ∈ D and 0 < r < 1.
For our purposes the most important connection between spaces N p and F p is given by the following result. (
Remark 4. Recall that the spaces F p have also been studied independently by Zayed ([25] and [26] ); many of the results in [24] parallel those of Stoll in [21] , albeit in a more general setting. For p = 1, the space F 1 has been denoted by F + and has been studied by Yanagihara in [24] and [23] . It was shown in [24] and [23] 
The following result describes the topological dual of the space ( 
where f (z) = ∑ ∞ n=0 a n z n ∈ F p , with convergence being absolute. Conversely, if {γ n } is a sequence of complex numbers for which
Let us recall that if X = (X, τ ) is an F -space whose topological dual (the set of all continuous linear functionals on X) X * separates the points of X, then its Fréchet envelopeX is defined to be the completion of the space (X, τ c ), where τ c is the strongest locally convex (necessarily metrizable) topology on X that is weaker than τ . In fact, it is known that τ c is equal to the Mackey topology of the dual pair (X, X * ), i.e., to the unique maximal locally convex topology on X for which X still has dual space X * (see [20, Theorem 1] 
Proof. It is easy to verify that for a fixed ξ ∈ D, the sequence {γ n } n := {ξ n } n satisfies the condition from Theorem 3.5 for any p > 1, and hence it generates by (3.4) the continuous linear functional γ such that γ(
Similarly, for fixed ξ ∈ D and k ∈ N, the sequence {(ξ n ) (k) } n with terms
for n < k also satisfies the growth estimate from Theorem 3.5 for any p > 1, and thus by Theorem 3.7, every functional δ Recall that we may introduce the weak topology on N p in the usual way. The basic weak neighborhoods of zero are defined by
where ε > 0 and n ∈ N are arbitrary, and 
Lemma 4.8. Every continuous linear operator T on N
p is weakly continuous.
whence it follows that T f α → T f weakly, as desired. □ Lemma 4.9. Let I and J be arbitrary inner functions. Then
where I w is the inner function such that [IN
Proof. For a fixed function g ∈ N p , define the linear operator T g on N p as Proof. (i) If I is a finite Blaschke product, then the space IN p has a finite co-dimension. Hence, the assertion (i) follows immediately from the fact that in any topological vector space a closed subspace of finite co-dimension has both the separation and the Hahn-Banach properties.
Since the multiplication in
(ii) If I is a Blaschke product and if h ̸ ∈ IN p , then either h does not vanish at one of the zeros of I or h has a zero of lower multiplicity. In the first case, let ξ ∈ D be a zero of I such that h(ξ) ̸ = 0. For such a ξ consider the point
, and hence δ ξ is a desired separating linear functional. In the second case, suppose that ξ ∈ D is a zero of I of the multiplicity k ≥ 1, and hence of the multiplicity less than k for h, that is,
is a desired separating linear functional.
(iii) Suppose that IJN p has the separation property for some inner function J, and so by Lemma 4.1,
By the assumption, the space IN p does not have the separation property, and hence by Lemma 4.1, it is not weakly closed. This means that I ̸ = I w (modulo constants), where I w is an inner function associated to I (see Theorem 4.3 
Since IN p is a weakly dense subspace of I w N p , by (4.3) and Lemma 4.9, we have
From the above inclusions we see that must be I w JN p = IJN p . Thus, I w J is in IJN p , and hence there is an inner function I 1 such that I w J = IJI 1 . It follows that I w = II 1 , and hence I w /I = I 1 is an inner function. On the other hand, by Theorem 4.3, I/I w is also an inner function. Therefore, we infer that I = I w (modulo constants). This contradiction yields that IJN p does not have the separation property. This completes the proof of the theorem. □
Weakly dense ideals in N p
Beurling's invariant subspaces theorem holds for each Hardy space H q , 0 < q < ∞, the Smirnov class N + (see Remark 2) , and for all Privalov spaces N p with 1 < p < ∞ (Theorem 2.3 ). This means that if E is a closed subspace of one of these spaces, denoting by X, and if E is invariant under multiplication by z, then E = IX for some X-inner function I.
Since the spaces N p are not locally convex, it is possible that some closed ideals are weakly dense (dense in the weak topology of N p ). In this section we give a construction of such ideals for any p > 1.
Recall 
It follows easily by Minkowski's inequality that ∥ · ∥ 
and
where c 1 = 
) .
Assuming that L ≤ 1 is a positive constant such that 
By Cauchy-Schwarz inequality, for positive numbers x n , y n , with n = 1, 2, . . . , k, holds
The above inequality with x n = |a n | and y n = exp 6) where 0 < K < +∞. The inequalities (5.5) and (5.6) immediately yield
On the other hand, we have
Since by [21, the first inequality on p. 145 with β = 1/p], for n = 0, 1, 2, . . . ,
) /2. By setting A = √ 2, the above inequality yields (5.2). This concludes the proof. □
Recall that the modulus of continuity ω µ of a finite Borel measure µ on the unit circle T is defined by
where the supremum is taken on every subarcs L of T whose normalized Lebesgue measure (lenght) |L| ≤ t.
Observe that from the condition ω µ (t) = O(t) it follows that the measure µ is absolutely continuous with respect to the normalized Lebesgue measure | · | on T. Furthermore, it is known that there are positive singular measures with prescribed modulus of continuity (of higher order than O(t)); for example, with the modulus of continuity ω µ (t) = O(t log 1 t ). It is pointed out in [4] that such a measure can be constructed as the Lebesgue function over a Cantor set with variable ratio of dissection. Another example is based on Riesz products (see [3] ) that we use here in order to obtain the following result. 
Proof. We will construct a continuous nondecreasing function F on [0, 2π] which generates measure µ such that 
Moreover, F belongs to the Lipschitz class Λ α with 0
Given 0 < α < 1, consider a constant sequence {a j } j with a j = 1 for all j = 1, 2, . . . , and a sequence {n j } j with n j = q j for all j = 1, 2, . . . , where q > 3 is a positive integer for which q 1−α ≥ 2. Now define a sequence {p k (t)} k of trigonometric polynomials as a Riesz product
and suitable coefficients c i . Since n j+1 /n j = q > 3 for all j = 1, 2, . . ., as noticed in [3, pp. 1264-1265] , it follows by [18] and [27, p. 208 
exists for all x, 0 ≤ x ≤ 2π, and F is a continuous nondecreasing function on [0, 2π]. We say that the function F is generated by a Riesz product. Further, we have
and hence sequences {a j } j and {n j } j satisfy the asymptotic condition (6) from [3, Theorem 1] . Then by the same theorem from [3] , the function F belongs to the Lipschitz class Λ α , and so for a measure µ defined by (5.8) we obtain
Finally, since ∑ ∞ j=1 a 2 j = ∞, by [3, Theorem A], we conclude that F is a singular function. Consequently, µ is a singular Borel measure on T whose modulus of continuity satisfies (5.7). This completes the proof. □
We will need the following result in the proof of the main result. 
, 0 ≤ r < 1,
for some constant C > 0.
Proof. Obviously, Since sin x ≥ 2x/π for each 0 ≤ x ≤ π/2, we have for 0 ≤ |z| = r < 1.
Since |S µ (z)| < 1 for each z ∈ D, combining (5.18) and the inequality |1 + v|
, for any positive constant c and 0 ≤ |z| < 1 we obtain
.
It follows from the above inequality that for a constant c such that c ≥ C, a sequence {f n } n of functions defined as Now suppose that 0 < c < C. Let n be a positive integer such that 1/n < c/C. Then applying the above argument to the singular inner function (S µ ) 1/n , we conclude that the space (S µ ) 
